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Abstract

This extended abstract reports on a new family of knowl-
edge representation formalisms, which is motivated by the
fact that, in some applications, it would be more intuitive and
convenient to define certain notions of the domain in an ap-
proximate way. For example, in clinical diagnosis, diseases
are often linked to a long list of medical signs and symptoms,
but patients that have a certain disease rarely show all of them.
Instead, one looks for the occurrence of sufficiently many of
these signs and symptoms. Classical logic-based knowledge
representation formalisms would need to use large disjunc-
tions to express such conditions, which are not only inconve-
nient to write and comprehend, but also hard to reason about.
In a nutshell, we introduce novel representation formalisms
extending classical Description Logics that can describe such
concepts in a compact and easy-to-comprehend way and have
better reasoning complexity than classical formalisms using
large disjunctions. This extended abstract summarizes the
work presented in (Baader and Fernández Gil 2024).

1 Description logics
In Description Logics (DLs) (Baader et al. 2017), one can
define the important notions of an application domain as
formal concepts, by stating necessary and sufficient condi-
tions for an individual to belong to a concept. These con-
ditions can be atomic properties required for the individual
(expressed by concept names) or properties that refer to re-
lationships with other individuals and their properties (ex-
pressed as role restrictions). In addition to a formalism for
defining concepts, DLs provide their users with ways of stat-
ing terminological axioms in a so-called TBox. The simplest
kind of TBoxes are called acyclic TBoxes, which consist
of concept definitions without cyclic dependencies among
the defined concepts. General TBoxes consist of general
concept inclusions (GCI), which can be used to state inclu-
sion constraints between concepts. Data (i.e., information
about specific individuals) can be formulated in the ABox,
which consists of concept assertions relating individuals to
concepts and role assertions relating individuals with each
other. Given a knowledge base consisting of a TBox and
an ABox, one then wants to infer consequences such as im-
plied subconcept–superconcept relationships between con-
cepts (subsumption problem) or implied element relation-
ships between individuals and concepts (instance problem).

In the DL EL, concepts can be built using concept names
as well as the concept constructors conjunction (C u D),
existential restriction (∃r.C), and the top concept (>). The
more expressive DL ALC is obtained from EL by adding
negation (¬C), and thus implicitly disjunction (C tD) and
value restriction (∀r.C). The DL EL has drawn consider-
able attention in the last two decades since, on the one hand,
important inference problems are polynomial in EL, even
w.r.t. general TBoxes. On the other hand, EL underlies the
OWL 2 EL profile1 and can be used to define biomedical on-
tologies, such as the large medical ontology SNOMED CT2.
In EL we can, for example, formalize the concept of a good
movie as a movie that is uplifting, has a simple, but original
plot, a likable, an evil, and a funny character, action and love
scenes, an unobtrusive sound track, and a happy ending, by
using the concept description CMovie, which is defined as:

Movie u Uplifting u ∃plot.(Simple u Original) u
∃character.Likable u ∃character.Evil u

∃character.Funny u ∃scene.Action u ∃scene.Love u
∃sound.Unobtrusive u ∃ending.Happy.

(1)

2 Adding threshold concepts to EL
Like all traditional DLs, EL is based on classical first-order
logic, and thus its semantics is strict in the sense that all the
stated properties need to be satisfied for an individual to be-
long to a concept. In applications where exact definitions
are hard to come by, it would be useful to relax this strict
requirement and allow for approximate definitions of con-
cepts, where most, but not all, of the stated properties are
required to hold. For example, people looking for a movie
to watch may have a long list of desired properties (such as
the ones stated in the concept CMovie in (1)), but will also be
satisfied if many, but not all, of them are met.

In order to support defining concepts in such an approxi-
mate way, we introduce a family of DLs extending EL with
threshold concept constructors of the form C./ t, where C
is an EL concept, ./ ∈ {<,≤, >,≥}, and t is a rational
number in [0, 1]. The semantics of these new concept con-
structors is defined using a graded membership function m
that, given an EL concept C and an individual d of an inter-
pretation I, returns a valuemI(d,C) from the interval [0,1],

1See http://www.w3.org/TR/owl2-profiles/ .
2See http://www.ihtsdo.org/snomed-ct/ .



rather than a Boolean value from {0, 1}. Threshold concepts
are then interpreted as

(C./ t)
I := {d ∈ ∆I | mI(d,C) ./ t}.

In this way we can, for instance, require a good movie to
belong to the EL concept CMovie in (1) with degree at least
0.8. If we employ the simple graded membership function
that returns the percentage of the top-level conjuncts of C
satisfied by d, then (CMovie)≥ .8 is actually equivalent to a
disjunction of 45 EL concepts, each of which is a conjunc-
tion of 8 of the 10 top-level conjuncts of CMovie. Even for
a large class of more complicated graded membership func-
tions m, we can show that threshold concepts are equivalent
to disjunctions of EL concepts or to conjunctions of negated
EL concepts. However, such large ALC concepts are much
harder to comprehend than the threshold concepts. In addi-
tion, using this translation for reasoning purposes does not
yield good complexity results, due to the large sizes of these
disjunctions and conjunctions as well as the high complexity
(ExpTime) of reasoning in ALC.

The DL τEL(m) is obtained from EL syntactically by
adding the new threshold constructors C./ t and semanti-
cally by interpreting these constructors using the member-
ship function m. There are, of course, different possibilities
for how to define a graded membership function m, and the
semantics of the obtained new logic τEL(m) depends onm.
Consequently, the complexity of reasoning in τEL(m) may
also depend on which function m is used. Instead of inves-
tigating this complexity for a single, hand-crafted member-
ship function, our goal was to obtain complexity results for
a large class of graded membership functions.

3 Graded membership functions
Our main idea for constructing graded membership func-
tions was to employ concept measures (CMs)∼, which gen-
eralize equivalence C ≡ D (concept similarity measures) or
subsumption C w D (directional measures) between con-
cepts C,D by returning a value in the interval [0, 1] rather
than an element of {0, 1}. One example of such a measure
is the directional measure ∼su, which computes the percent-
age of the top-level conjuncts of C that subsume D. For
instance, given C = B u ∃r.> and D = A u ∃r.A, we ob-
tain C ∼su D = 0.5 since D v ∃r.>, but D 6v B. From
∼su, we can obtain a concept similarity measure by combin-
ing the values C ∼su D and D ∼su C. For example, we can
take the average or the minimum as combining functions.

Concept measures∼ can be used to define a graded mem-
bership function m∼ as follows.
Definition 1. Let ∼ be a CM. Then, for all interpretations
I, the function mI∼ : ∆I × CEL → [0, 1] is defined as3

mI∼(d,C) := max{C ∼ D | D ∈ CEL and d ∈ DI}.
To ensure that this construction yields a well-defined

graded membership function m∼, the concept measure ∼
needs to satisfy additional properties, which we collect un-
der the name standard measures. In particular, these con-
ditions ensure that the maximum employed in Definition 1
always exists.

3The symbol CEL denotes the set of all EL concepts.

There exists a vast number of standard measures, and
we were able to show that there are infinitely many stan-
dard CMs ∼ such that m∼ is not computable and reason-
ing in τEL(m∼) is undecidable. We also identified a large
class of computable standard CMs ∼ such that reasoning in
τEL(m∼) is decidable. However, our proof of this result is
based on the translation of the concepts of τEL(m∼) into
the decidable DL ALC mentioned above, which may cause
a non-elementary blow-up in the worst case. To obtain log-
ics of the form τEL(m∼) for which reasoning has lower
complexity, we introduce a restricted class of standard CMs,
called simi-d, which is based on certain directional instances
of the simi framework of (Lehmann and Turhan 2012).

4 Main contributions
Our main contributions are results that determine the com-
putational complexity of reasoning in threshold DLs of the
form τEL(m∼) for ∼ ∈ simi-d. We consider the standard
inference problems, i.e., concept satisfiability, subsumption,
ABox consistency and instance checking. In contrast to
what is the case for pure EL, this complexity depends on
which kind of TBox formalism is used. For the case without
TBox, we obtain the following results.
Theorem 1. Let ∼ ∈ simi-d. In τEL(m∼), satisfiability
and consistency are NP-complete, whereas subsumption is
coNP-complete. The instance problem is PSpace-complete.

Unlike the situation for classical DLs, defining appropri-
ate notions of acyclic and general TBoxes is already a non-
trivial task for logics of the form τEL(m∼). Therefore, we
have to omit the rather involved definitions from this ex-
tended abstract. We continue with acyclic TBoxes.
Theorem 2. Let ∼ ∈ simi-d. In τEL(m∼), satisfia-
bility, subsumption, consistency and instance w.r.t. acyclic
τEL(m∼) TBoxes are PSpace-complete problems.

Similar to the case of ALC, the complexity increases to
ExpTime for general TBoxes.
Theorem 3. Let ∼ ∈ simi-d. In τEL(m∼), satisfiabil-
ity, subsumption, consistency and instance w.r.t. general
τEL(m∼) TBoxes are ExpTime-complete problems.

For the instance problem, it is also interesting to consider
data complexity, measured in the size of the ABox.
Theorem 4. Let ∼ ∈ simi-d. In τEL(m∼), instance check-
ing is coNP-complete w.r.t. general τEL(m∼) TBoxes. The
lower bound already holds for the case of the empty TBox.
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